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High velocity flow through fractured and porous media:
the role of flow non-periodicity
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Abstract

In the present paper we examine the evolution of the macroscopic flow law in a crenellated channel, representing an element of
fractured or porous medium and in function of the Reynolds number Re. A numerical analysis based on the Navier–Stokes equations
is applied. We focus on the influence of the flow periodicity or non-periodicity upon the macroscopic law. The physical explanation
of the non-linear deviation from Darcy’s law is still an issue, as the Ergun–Forchheimer law admitted for high Reynolds numbers
comes up against some theoretical problems. In the periodic case, three non-linear flow regimes were revealed: a cubic flow with
respect to velocity at low Re, an intermediate non-quadratic law, and a self-similar mode independent of Re at very high Re. The
Forchheimer law is not confirmed. The case of a non-periodic flow clearly highlights the link between the flow non-periodicity and
the quadratic law. The quadratic deviation becomes all the more important as the non-periodicity degree is high.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction: concerning the non-linear deviations from Darcy’s law

Darcy’s law adequately describes flow in porous media at low velocity. At high velocity, a situation observed near
gas–oil–water wells, the valid flow law is an open problem. This question has however a major economic impact,
being in the bases of the well test interpretation and data acquisition.

Many experiments and numerical studies show that Darcy’s law should be corrected by a cubic term in velocity,
starting from a certain value of the Reynolds number. The latter will be transformed into a quadratic one, which goes
under the name of Forchheimer’s law (e.g., [1]), when the Reynolds number increases. The cubic flow, sometimes
called the weak inertia regime (e.g., [1,2]), is understood as that regime at which the inertial force is of the same order
as the viscous force. In quadratic flow, the inertial force is predominant, so it is called the strong inertia regime. At the
same time, the physical understanding of the generally accepted quadratic law is not obvious.

Despite of some attempts to theoretically prove the quadratic law [3,4], the detailed mathematical analysis of flow
and the influence of the equation non-linearities on the flow structure revealed some paradoxes [5,6]. In particular, it
was shown that the quadratic term is not in agreement with the symmetry conditions, which require that the pressure
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gradient expansion over velocity contains only the odd terms in an isotropic medium [7]. So the quadratic term should
disappear.

In the same type of idea, a cubic deviation from Darcy’s law, not however quadratic, was obtained by homogenisa-
tion of the Navier–Stokes equations in isotropic case [8–10].

Another explanation to the quadratic law is turbulence. It was shown in [2] that the turbulent flow leads to a
Forchheimer-type macroscopic law. Nevertheless, it was shown experimentally and numerically that the quadratic
deviation appears within the laminar flow regime [11]. It is for this reason that the turbulent case is not examined in
the present paper.

Within the framework of laminar flow, the resolution of paradoxes induced by the quadratic law can be obtained
only if the flow becomes microscopically asymmetric, or irregular, as shown in [6]. In this paper we only examine the
influence of the flow asymmetry (non-periodicity). Our analysis will be focused on a stable and stationary flow which
is observed experimentally until the Reynolds number reaches a critical value [12] in the order of 2000.

We analyse the model of a crenellated channel, as in previous works [13,14]. This is a classic model of porous
or fractured medium which ensures non-zero inertia effects and takes into account the staggers of solid material, in
contrast to a uniform channel where no staggers and no inertia are observed. The analysis is based on numerical
simulation. This enables us to study the macroscopic flow law and its evolution with the Reynolds number, depending
on the flow structure inside channel.

This paper is organised as follows. In Section 2, we formulate the problem of flow in a channel and in the overall
porous medium, by introducing a channel cell and a general form of the non-linear macroscopic flow equation. In
Section 3, we study the periodic flow, the problem of how to produce it numerically, and we discuss the resulting
various deviations from Darcy’s law. In Sections 4 and 5, we study a non-periodic flow and its influence on the
non-linear deviation. Conclusions are summarised in Section 6.

2. Problem formulation

2.1. Microscopic flow in a non-uniform channel

The following two-dimensional cell of a fractured or porous medium is considered (Fig. 1):
The incompressible flow governed by the steady-state Navier–Stokes equations with respect to velocity v and

pressure p is considered in the domain Yf of a cell Y = Yf ∪Ys, where Yf is occupied with the fluid and Ys is the solid:

ρvi

∂vj

∂xi

= − ∂p

∂xj

+ fj + μ�vj ,
∂vi

∂xi

= 0, ∀M ∈ Yf, i, j = 1,2, (1)

where ρ and μ are the density and the dynamic viscosity, f is the volumetric force. The fluid velocity is zero at the
walls:

vi = 0, ∀M ∈ ∂Yfs, i = 1,2. (2)

The boundary-value conditions which are imposed at the cell inlet and outlet depend on the examined problem. The
bottom boundary is a symmetry axis. The fluid enters through AA′ and leaves the cell through BB′.

Such a problem will be called “microscopic”, while the term “macroscopic” will be attributed to a flow averaged
over the cell.

Fig. 1. Cell Y of porous medium.
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Fig. 2. Flow around solid particles as another model of porous media (a) and the analogy of a cell with the crenellated channel (b).

The configuration of a crenellated channel is able to describe the flow in other types of porous media. For instance,
the periodic lattice of obstacles shown in Fig. 2(a) has a unite cell Y ′ (Fig. 2(b)) which is almost equal to the geometry
in Fig. 1.

2.2. Macroscopic flow law

As the macroscopic flow is directed along x1, we can define macroscopic pressure P and velocity V as follows:

P(x1) = 1

|S(x1)|
∫

S(x1)

p(x1, x2)dx2, V (x1) = 1

|S(x1)|
( ∫

S(x1)

v(x1, x2) · e1 dx2

)
e1, (3)

where S(x1) is the vertical cross-section, |S(x1)| is the cross-section area and e1 is the unit vector along x1. As the
fluid is incompressible, V is a constant vector.

At high velocity the flow can be described by a general form of the non-linear law (e.g., [15]):

−(gradP) · e1 = μ

KD
V + F(V ). (4)

KD is the permeability of the Darcy flow; V is the absolute value of the macroscopic velocity vector, F is the non-
linear deviation from Darcy’s law. For a range of low Reynolds numbers: Re = ρV d/μ, this deviation is generally
assumed to be cubic. When Re grows, this deviation is expected to become quadratic. However, our numerical analysis
has revealed another evolution of the macroscopic law.

3. Periodic flow

3.1. Numerical approach

First of all, we analysed the periodic flow at the macroscale, i.e., the flow velocity distribution was assumed to
be identical in the inlet and outlet sections. As the formulated problem has no analytical solution, we solved it nu-
merically, by using the package CFD-ACE based on the finite volume method. The simulation of a periodic flow is
possible due to an option of CFD package which enables to define a periodicity of velocity and a modified pressure
p +f x1, where f is the absolute value of the volumetric force directed along x1. This modified pressure is introduced
in the body force option of CFD-GUI [16], using the obvious equivalence: grad(p + f · x1) = gradp − f e1. The
function f may be selected in such a way that the modified pressure becomes periodic. As shown in [18], f should
be equal to the macroscopic pressure gradient over the cell.

We modelled a plane periodic flow for two various sizes of the cell: (i) a cell with a big cavity: d = 2, e = 1, L = 4
and L′ = 2 (arbitrary units), and (ii) a cell with a small cavity: d = 2, e = 0.5, L = 3 and L′ = 1. The inlet and the
outlet velocities were equal, as were the modified pressures. Function f was a constant parameter, which implies a
constant pressure difference along x1. The spatial discretisation method uses a first-order upwind scheme.

3.2. Streamlines deformation

In both cases, the observed streamlines reveal two zones in the cell (Fig. 3): a dead zone (I), and a transport
zone (II). In the dead zone the fluid moves slowly, decelerated by viscous friction, forming two big vortexes which are



298 Y. Lucas et al. / European Journal of Mechanics B/Fluids 26 (2007) 295–303
Fig. 3. Streamlines for different Reynolds numbers.

then collapsed into one while the Reynolds number increases. The detailed streamline pattern evolution corresponds
well to that described in [3], confirming the validity of our simulation. No mass transfer between both zones was
observed, at any Re.

In the transport zone the fluid velocity is much higher than in the dead zone. The streamlines are almost straight near
the symmetry axis, and slightly curved in front of the cavity. The streamline curvature decreases with the Reynolds
number, as observed in [11], due to the microscopic inertial effects. When the Reynolds number is high the streamlines
become similar to those in a flow between two horizontal plates, like in a Hele–Shaw cell of thickness d . The example
of a laminar and stable flow for Re = 1700, probably impossible in practice but enabled by CFD-ACE, shows that the
streamlines are quite similar to those for Re = 184.

This a priori qualitative analysis leads us to believe that the macroscopic flow law is likely to vary sharply between
Re = 0 and Re = 184, whereas it will vary much less between Re = 184 and Re = 1700. This expectation was born
out by a quantitative study.

3.3. Various non-linear forms of the flow law

In order to analyse the deviation from Darcy’s law, let us introduce apparent permeability (Kapp), applying the
formal Darcy law instead of (4):

P(0) − P(L)

L
= μ

Kapp
V, (5)

where Kapp is obviously a function of velocity. At the same time, let us introduce a constant permeability of the
uniform channel which corresponds to the transport zone only: K0 = d2/12. The following relation between Kapp and
K0 can be obtained from (4) and (5):

K0

Kapp
= K0

KD
+ K0

μ

F(V )

V
. (6)

If the deviation from Darcy’s law is quadratic, then F(V ) = aV 2, where a is a constant value [17]. Then the appro-
priate representation of K0/Kapp versus velocity or Reynolds number will be linear:

K0

Kapp
= K0

KD
+ K0

μ
aV. (7)

If the deviation from Darcy’s law is cubic, then F(V ) = bV 3 , where b is a constant value [17]. Then K0/Kapp versus
V 2 or Re2 is linear:

K0

Kapp
= K0

KD
+ K0

μ
bV 2. (8)

These relations were used when processing the simulation results.
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Fig. 4. Cubic deviation for the two cavities.

Fig. 5. Permeability ratio versus Reynolds number.

3.4. Results of the simulation

The results of our numerical simulations are presented in Figs. 4 and 5. We can observe a variation of K0/Kapp
depending on the Reynolds number.

3.4.1. Weak inertia regime
Within the range of low Reynolds numbers, Re ∼ 1, the cubic deviation was obtained, as shown in Fig. 4. The range

of Re for which the cubic deviation remains valid, is larger for a bigger cavity in which the total viscous dissipation is
higher. For a higher flow velocity, the viscous dissipation is equilibrated by the inertial force [18].

3.4.2. Strong inertia regime
When the Reynolds number increases, both for the small and the big cavity, the non-linear deviation is non-

quadratic, as illustrated in Fig. 5. The permeability ratio tends asymptotically to 1 when Re tends to infinity. As
stated previously, in practice the laminar regimes for such a high Reynolds number are impossible, becoming non-
stationary and unstable, but they are allowed within an a priori stationary numerical algorithm. Fig. 5 confirms the
fact that the macroscopic flow law remains invariable from Re ∼ 200.

3.5. Flow regimes

Relations (7) and (8) can be rewritten using a power-value law for the function F(V ) = βV α

ln

(
K0 − K0

)
= ln

(
K0

)
+ α ln(V ) + ln(β). (9)
Kapp KD μ
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Fig. 6. Modified permeability ratio versus Re in logarithmic scale.

Herein α = 2 for the cubic flow and α = 1 for the quadratic law. For this kind of regime, the function (K0/Kapp −
K0/KD) versus V (or Re) is a straight-line of slope α in logarithmic scale. The data obtained numerically are shown
in Fig. 6.

The graph shows three characteristic zones:

(i) a cubic zone I: at the beginning, Re ∼ 1, all the points are superimposed along a straight-line of slope 2; the flow
law is cubic (α = 2)

ln

(
K0

Kapp
− K0

KD

)
= ln

(
K0

μ

)
+ ln(β) + 2 ln(V ). (10)

The value of β is the same for both cavities. In this regime, the cavity size has no influence on the streamlines
pattern, which remains rather regular. All the points are aligned along the same straight-line;

(ii) a “self-similar regime” at very high Re (III): the curves clearly tend to a behaviour independent of Re. The
left-hand limit of this zone does not seem to depend on the cavity size, which implies that the flow structure is
basically imposed by the transport zone, rather than by the cavity. For higher Reynolds numbers, the streamlines
are almost horizontal, so the velocity variations tend to zero, the inertial effects decrease and α becomes lower
than 1;

(iii) a transition zone II: the points vary monotonically between the cubic zone and the self-similar regime. For a
smaller cavity the transition regime appears at lower Re. The non-linear term varies progressively from the cubic
one to zero [19], even though several points are almost aligned on a straight-line of slope 1, no clear quadratic
behaviour is observed.

Thus, the simulation for a periodic flow confirms the existence of a cubic deviation, a self-similar regime indepen-
dent of Re, and does not confirm the existence of the strictly quadratic law. This is in agreement with the analysis
presented in the Introduction, when we noted that in a symmetric (periodic) flow the even powers of velocity should
disappear.

4. Non-periodic flow

For the next step, we analysed the non-periodic flow structure, the objective being to reveal the role of the flow
asymmetry on the form on the non-linear correction.

4.1. Model

The non-periodic flow was analysed for a unique cavity, as the qualitative results do not depend on the cavity size:
d = 2, e = 1, L = 4 and L′ = 2 (see Fig. 1).

To model a natural non-periodic flow, we examined a set of consecutive cells, imposing a uniform velocity profile,
U , at the inlet and the outlet boundaries. At the same time, only the central cell was treated in terms of the macroscopic
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Table 1
Quantitative characteristics of qualitative non-periodicity degrees

Geometric establishment length
(in length of pattern/d)

Number of cells
(2n + 1)

Non-periodicity degree

2.5 13 almost periodic
2.5 7 non-periodic+
2.5 1 non-periodic++
0.125 1 highly non-periodic+++

Fig. 7. The non-periodic flow model.

Fig. 8. Quadratic deviation in a non-periodic flow.

flow law. Between the inlet section and section C (Fig. 7), corresponding to a so-called geometric establishment length,
the velocity profiles progressively vary from a uniform profile to the Poiseuille parabolic profile in section C. The flow
profile in this cell is closer to the periodic one when the number of cells increases and/or the establishment length also
increases. A qualitative geometric scale of non-periodicity, independent of the Reynolds number, can therefore be
defined based on these characteristics which are considered as two origins of non-periodicity,.

By increasing the number of cells and reducing l, we reduce the flow non-periodicity degree. In Table 1 several
non-periodic cases with a different non-periodicity degree are presented, from an “almost periodic” to a “high non-
periodic” (+++).

4.2. Results

Several simulations were performed by varying the number of cells and the establishment length. These simulations
showed, in Fig. 8, that a strictly quadratic deviation can appear in the case of a non-periodic porous medium, where
the slope α of the solid lines is strictly equal to 1. The higher the non-periodicity degree, the lower the Reynolds
number marking the beginning of deviations from Darcy’s law, as shown in Fig. 8. Furthermore, as the intercept, in
logarithmic scale, of the straight-lines is higher when Re grows, it means that the quadratic effects are all the more
important as Re is high.

Contrary to the periodic case of flow, the value K0/Kapp varies without stabilising when the Reynolds number tends
to infinity. The comparison between the periodic and non-periodic case shows that two effects are in competition.
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Indeed, the periodic behaviour is also partially observed in the non-periodic case, all the more as the flow is less non-
periodic. A straightening of the streamlines by the inertia forces reduces the non-linear effects. But non-periodicity
changes the flow structure, only microscopically. Indeed the streamlines in the central cell are similar to those of the
periodic case. No macroscopic difference can be observed, the flow structure is still imposed by the thin channel.
The effect of the inertial forces makes the deviation quadratic. This qualitative change has important quantitative
consequences, which have to be evaluated from the microscopic flow structure.

5. Estimation of the quadratic deviation

The non-linear deviation is determined by the macroscopic inertia effect which can be evaluated by integrating the
microscopic inertial term vi∂v/∂xi over the cell. At high Reynolds numbers, when the inertia forces straighten the
streamlines, the following may be accepted:

(i) all the streamlines in the inlet and the outlet section are straight, as shown in Fig. 9:

v2 ≈ 0 and
∂v2

∂x1
≈ 0; (11)

(ii) the velocity field in the dead zone is negligible compared to that in the transport zone.

The homogenisation over the cell of the inertial term projection on axe x1, vi∂v1/∂xi , yields:

〈
vi

∂v1

∂xi

〉
≈

〈
v1

∂v1

∂x1

〉
tr

· e1 = e1

2

d/2∫
0

(
v2

1(L,x2) − v2
1(0, x2)

)
dx2, (12)

where the symbol 〈·〉 means the integration over the entire cell, while 〈·〉tr is the integration over the transport zone
only.

For a non-periodic flow configuration, we can express the microscopic velocity through the macroscopic velocity:
v1(L,x2) = λ1(x2)V and v1(0, x2) = λ1(x2)V , where λ1(x2) and λ2(x2) are empirical functions. Thus, it follows:

〈
vi

∂v1

∂xi

〉
≈ bV 2e1 with b = 1

2

d/2∫
0

(
λ2

1(x2) − λ2
2(x2)

)
dx2. (13)

Thus, the inertial effect is approximately proportional to the square of the averaged velocity, if b does not depend
on the Reynolds number. The simulations show that this parameter b is really independent of the Reynolds number

Fig. 9. Velocity distribution in a cell.

Table 2
Values of parameter b for various non-periodicity degrees, at a fixed Re

b

almost periodic 0.00115
non-periodic+ 0.00255
non-periodic++ 0.00490
highly non-periodic+++ 0.00580
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and remains constant for a given medium shape (Table 2). Moreover, the simulations show an increase of b when the
non-periodicity degree increases, which is in agreement with the numerical analysis presented in Section 4.

We also notice that the previous demonstration, with its adopted simplifications, can explain that, for a periodic
flow, the macroscopic inertial effects tend to zero when the Reynolds number tends to infinity: indeed, in this case
λ1 = λ2, and consequently b = 0.

6. Conclusions

In the case of periodic flow several ranges of the Reynolds number have been identified for which the deviation
from Darcy’s law progressively varies from a cubic zone, through a transition non-quadratic zone to a “self-similar”
mode. In the self-similar regime, the inertia effect decreases when Re grows, due to straightening the streamlines. This
confirms theoretical results for periodic flow which prohibit the even velocity powers in the macroscopic law.

Non-periodicity is shown to be a major factor which may determine the appearance of a quadratic term. The
quadratic deviation appears at lower Re if the non-periodicity degree increases.

The previous remark may provide an explanation of the fact that so many experiments and numerical simulations
have seemed to prove that the quadratic term appeared in the periodic case. Indeed, it is experimentally almost impos-
sible and sometimes numerically very difficult to achieve a perfect periodic flow [20,21]. Thus, which is supposed to
be a quadratic deviation in a periodic flow would be actually caused by non-periodicity. As said in introduction, one
way to solve contradictions linked to the quadratic law between some theoretical remarks and some observations is to
take flow asymmetry into account.
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